An automated computational strategy is devised for the ab initio determination of the full fourth-rank piezo-optic tensor of crystals belonging to any space group of symmetry. Elastic sti↵ness and compliance constants are obtained as numerical first derivatives of analytical energy gradients with respect to the strain and photo-elastic constants as numerical derivatives of analytical dielectric tensor components, which are in turn computed through a Coupled-Perturbed-Hartree-Fock/Kohn-Sham approach, with respect to the strain. Both point and translation symmetries are exploited at all steps of the calculation, within the framework of periodic boundary conditions. The scheme is applied to the determination of the full set of ten symmetry-independent piezo-optic constants of calcium tungstate CaWO 4 , which have recently been experimentally reconstructed. Present calculations unambiguously determine the absolute sign (positive) of the ⇡ 61 constant, confirm the reliability of 6 out of 10 experimentally determined constants and provide new, more accurate values for the remaining 4 constants. C 2015 AIP Publishing LLC. [http://dx
I. INTRODUCTION
Several optical properties of anisotropic media are related to birefringence or double refraction. It is indeed well-known that two plane polarized electro-magnetic waves, with two distinct velocities v, may in general be propagated through a crystal with the same propagation direction. The c/v ratio for each wave (c being the speed of light) is referred to as the refractive index for that wave and can be derived for any propagation direction from the so-called optical indicatrix: an ellipsoid oriented along the principal axes of the dielectric tensor ✏ and whose semi-axes give the principal refractive indices of the system. 1 It follows that any change in the shape, size, and orientation of the indicatrix results in the modification/modulation of the optical properties of a crystal. Such changes can be induced by electric fields, strains and stresses giving rise to the electro-optic, elasto-optic (i.e., photo-elastic), and piezo-optic e↵ects, respectively.
In particular, the piezo-optic e↵ect (measuring the variation of the dielectric tensor components as induced by an applied stress) has proven to be an e↵ective tool for mapping 2D and 3D mechanical stresses through stress tensorfield tomography.
2,3 Furthermore, such an e↵ect is extremely relevant to the field of optoelectronics where the search for highly e cient electro-optic and piezo-optic materials is experiencing a great interest in recent years due to their applications as photo-elastic modulators of light polarization and as components of many devices related to acousto-optic light modulators, deflectors, tunable spectral filters, etc.
4-11 The piezo-optic and photo-elastic responses of a crystal are quite anisotropic even for high-symmetry systems. In order to accurately optimize the orientation of a crystal, which maximizes a) Electronic mail: alessandro.erba@unito.it the e ciency of the acousto-optic transformation, absolute values, and signs of all non-zero elements of the fourth-rank elastic C, compliance S, photo-elastic p, and piezo-optic ⇡ tensors have to be determined, which is not a trivial task (see below), especially for low-symmetry crystals. 10, 12, 13 From an experimental point of view, photo-elastic constants could be measured through acousto-optic methods. Within the phenomenological theory of Brillouin scattering, for instance, photo-elastic constants are given in terms of the intensities of Brillouin components. 14, 15 Acousto-optic methods, however, are unable to uniquely determine all signs of the photo-elastic constants, particularly so for low-symmetry crystals. 4, 12 The full set of independent piezo-optic constants can be measured for crystals of any symmetry via the combination of optical interferometry and polarization-optical techniques (once the elastic compliances are known). 12, [16] [17] [18] Still, this approach requires a large number of measurements to be performed on a large number of crystalline samples (properly cut to specific orientations). In their fundamental work of 2005, Andrushchak et al. 12 derived the minimum set of samples and measurements necessary to determine the whole piezo-optic tensor for all crystal families: 57 measurements on 16 samples are required to determine the 36 independent components of a triclinic crystal, 29 measurements on 8 samples for the 20 independent components of a monoclinic crystal, 14 measurements on 6 samples for the 10 independent components of tetragonal crystals belonging to the 4, 4 or 4/m classes, just to name a few. Even small errors in the sample cut preparation or in the alignment of the whole optical setup may result in large errors in the piezo-optic constants determination (see the detailed analysis on the possible sources of inaccuracies given by Krupych et al. in Ref. 16) . Furthermore, the interferometric method is known to provide a somewhat poor description of so-called rotating piezo-optical constants (those which correspond to a rotation of the optical indicatrix under mechanical stress); a conoscopic method has recently been devised to determine such constants more accurately. 19 In this paper we present a general, fully automated scheme for the theoretical ab initio calculation of the fourth-rank piezo-optic tensor ⇡ of crystals belonging to any space group symmetry, which requires the simultaneous determination of the elastic sti↵ness and compliance tensors and of the photoelastic tensor. The scheme adopts periodic-boundary conditions, fully exploits both point and translational symmetries at all steps, [20] [21] [22] [23] is based on the evaluation of analytical energy gradients with respect to both atomic coordinates and lattice parameters [24] [25] [26] [27] and utilizes the analytical CoupledPerturbed-Hartree-Fock/Kohn-Sham (CPHF/KS) method to compute static and electric field frequency-dependent optical (i.e., dielectric) properties of crystals. [28] [29] [30] We have implemented the present scheme into a development version of the public Crystal14 program, 31, 32 taking advantage of the many recent developments made to the algorithms for the evaluation of strain-related tensorial properties (elastic, piezoelectric, photo-elastic) of crystals. [33] [34] [35] [36] [37] [38] The proposed scheme is first described in detail and then applied to the determination of the piezo-optic tensor of tetragonal calcium tungstate, CaWO 4 , which belongs to the scheelite family of minerals. This is a promising material for acoustooptic modulators and its full set of piezo-optic (and photoelastic) constants has been experimentally determined only quite recently. 13, [17] [18] [19] An explicit investigation is performed on the e↵ect of adopting several functionals of density functional theory (DFT) belonging to three rungs of the so-called "Jacob's ladder" 39 (namely, a local-density approximation, a generalized-gradient approximation, and a couple of global hybrids), and on the electric field frequency-dependence of all computed dielectric, piezo-optic, and photo-elastic properties. Our calculations allow us to confirm the experimentally measured values of a sub-set of the 10 independent piezo-optic and photo-elastic constants of CaWO 4 and, on the contrary, to point-out large discrepancies in the determination of the others and to provide a complete description of the anisotropic stressoptical response of this crystal.
II. THEORY AND METHODS

A. Stress-related tensorial properties of crystals and their symmetry features
The stress-strain relation for an anisotropic crystal is given by the generalized Hooke's law,
which relates the second-rank stress tensor to the secondrank pure strain tensor ⌘ through the 81 elastic sti↵ness constants C ijkl that constitute the fourth-rank elastic tensor C. In the above expression, i, j, k, l are Cartesian indices. As both and ⌘ are symmetric tensors, the number of their independent components reduces from 9 to 6, and those of C accordingly from 81 to 36. As a consequence, Voigt's notation can be used, which introduces a mapping between pairs of Cartesian indices and Voigt's indices running from 1 to 6: v, u = 1, . . . ,6 where 1 = xx, 2 = y y, 3 = zz, 4 = y z, 5 = xz and 6 = x y:
where the fourth-rank elastic tensor has been given a 6 ⇥ 6 matrix representation and where S = C 1 represents the socalled elastic compliance tensor. To second-order in the strain, the elastic constants can be defined as second energy density derivatives with respect to pairs of strains,
being V the volume of the crystal cell. From Equation (3), the equivalence C vu ⌘ C uv is evident, which makes the 6 ⇥ 6 C matrix symmetric and reduces the number of its independent components to 21. Neumann's principle, which states that any physical property of a crystal must exhibit at least the same point-symmetry of the crystal, can be exploited to further reduce the number of independent components by imposing the invariance (C R = C) of the fourth-rank elastic tensor to the action of any point-symmetry operatorR of the point-group to which the crystal belongs,
where r is the 3 ⇥ 3 Cartesian matrix representation of the symmetry operatorR and Einstein's notation is used according to which repeated indices are meant to be summed. By imposing the invariance of C with respect to all the symmetry operators of the 4/m class of the tetragonal crystal system to which CaWO 4 belongs, the following shape of the elastic tensor is obtained, for instance,
In the present implementation, elastic constants in Equation (3) are computed as numerical first-derivatives of analytical energy gradients. 33, 40 The variation of the components of the inverse dielectric tensor ✏ 1 as induced by strain is given by the strain-optical coe cients (i.e., elements of the fourth-rank Pockels' elastooptic or photo-elastic tensor p),
As both the inverse dielectric tensor ✏ 1 and the pure strain tensor ⌘ are symmetric, Voigt's notation can be adopted also in this case so that the photo-elastic tensor p can be given a 6 ⇥ 6 matrix representation as for the elastic tensor. Photo-elastic constants can then be derived according to
where, in the present scheme, the derivative with respect to the strain is evaluated numerically while the dielectric tensor (✏ = 1 + 4⇡↵/V ) analytically from the polarizability ↵ determined through the CPHF/KS method (for a closed-shell system),
where n k is the number of k points in the first Brillouin Zone (BZ) and n is the diagonal occupation matrix whose elements are 2 for occupied orbitals and 0 otherwise. Here U k, j is an anti-Hermitian block o↵-diagonal matrix that relates the unperturbed coe cient matrix C k , to the corresponding first-order perturbed matrix,
, which gives the linear (firstorder) response to the electric field perturbation represented by the matrix ⌦ k,i . The o↵-diagonal blocks of U k, j depend not only on ⌦ k, j but also on the first-order perturbed density matrix (through the two-electron terms in the Hamiltonian) which, in turn, depends upon U k, j . Hence, a self-consistent solution of the CPHF/KS equations is required.
As recalled in the introduction, the dielectric tensor ✏ determines the optical indicatrix of the crystal. For cubic crystals the indicatrix is a sphere. For hexagonal, tetragonal (as CaWO 4 ), and trigonal crystals (optically uniaxial), the indicatrix is an ellipsoid of revolution about the principal symmetry axis of the system (also called optic axis). The section of the indicatrix perpendicular to the optic axis is a circle whose radius n o is the ordinary refractive index of the system while the section perpendicular to any other direction is an ellipse whose semi-axes are n o and n e , the latter being the extraordinary refractive index. Calcium tungstate is said to be an optically positive crystal as n e > n o . The birefringence of a material can be defined as = n e n o . Given stress-strain relation (2), the fourth-rank piezooptic tensor ⇡ (whose elements are the stress-optical coecients ⇡ vu ) can be obtained from the photo-elastic p and elastic C ones as
At variance with the elastic C and compliance S tensors, p and ⇡ are not symmetric (i.e., in general p vu , p uv and ⇡ vu , ⇡ uv ). It follows that the number of symmetry-independent components to be determined for the stress-optical and strain-optical tensors is generally larger than for the elastic tensors. The invariance of the piezo-optic tensor with respect to all the point-symmetry operatorsR of the crystal has to be imposed (⇡ R = ⇡) without the constraint of being symmetric,
For instance, a triclinic crystal has 36 independent piezo-optic coe cients, with the number of unique values decreasing with increasing symmetry. In the case of CaWO 4 (tetragonal 4/m), the shape of the piezo-optic tensor is
The piezo-optic coe cients ⇡ vu where both v, u = 1, 2, 3 describe the connection between the principal refractive indices and the normal stresses and are referred to as principal coe cients. Coe cients ⇡ vu where v = 1, 2, 3 and u = 4, 5, 6 relate the principal refractive indices to shear stresses and are called shifting coe cients. Piezo-optic coe cients where v = 4, 5, 6 correspond to the rotation of the optical indicatrix and are called rotating or rotating-shifting coe cients depending on whether u = 1, 2, 3 or u = 4, 5, 6, respectively. 3 Photo-elastic constants p vu are dimensionless while piezo-optic ⇡ vu ones are generally expressed in units of Brewsters, where 1 Br = 10 12 Pa 1 = 1 TPa 1 .
B. The automated algorithm
One of the specific features of the present scheme for the evaluation of the piezo-optic fourth-rank tensor of crystals of any symmetry is its fully automated character, which requires a "one-shot" calculation of elastic, dielectric and photo-elastic constants, and their combination. Such a scheme involves the e cient integration of several fundamental algorithms, such as analytic energy gradients, geometry optimizations for the relaxation of atomic positions within strained and unstrained configurations, and CPHF/KS self-consistentfield procedures. As for elastic, piezoelectric, and photoelastic constants, piezo-optic ones can also be decomposed into purely electronic "clamped-ion" and nuclear "internalstrain" contributions where the latter measures the piezo-optic e↵ect due to the nuclear relaxation induced by strain, 41, 42 which is accounted for by optimizing the atomic positions within the strained cell. Experimental measurements of the static dielectric and piezo-optic response properties of crystals should refer to the limit of infinite electric-field wavelength . Practically, they are performed at finite values of , which are expected to correspond to su ciently high frequencies of the applied electric field to make nuclear contributions negligible, but not high enough for promoting electronic excitations. These two constraints are such that the adopted values of often do not correspond to the ! 1 limit of the static CPHF/KS calculations. In the present implementation, we take advantage of recent developments on the evaluation of "dynamic" dielectric properties of solids 31, 43, 44 to explicitly investigate the e↵ect of on computed piezo-optic constants.
The resulting algorithm can be sketched as follows: (i) the starting crystal structure is fully optimized at the selected level of theory; (ii) cell gradients are computed on the optimized unstrained configuration as well as the equilibrium dielectric tensor (which is then inverted) with the CPHF/KS scheme (by default = 1); (iii) a full symmetry analysis is performed in order to determine the non-null independent elastic and piezo-optic constants. The minimal set of independent deformations to be applied, out of a maximum of six, is also found; (iv) a given deformation is selected and the corresponding residual symmetry determined; for each deformation, N s strained configurations are defined according to a strain amplitude a (by default, N s = 2, corresponding to one "expanded" and one "contracted" configuration with a strain amplitude a = 0.015, i.e., a deformation of 1.5% with respect to the unstrained lattice); (v) for each strained configuration, atomic positions are relaxed (default option) or not depending on whether one wants to go beyond or not the "clamped-ion" approximation; cell gradients and dielectric tensor of the strained configurations are computed; (vi) cell gradients and inverse dielectric tensors along a given deformation are fitted with singular-value-decomposition routines, their derivatives determined numerically and the corresponding elastic and photo-elastic constants obtained; (vii) once all independent deformations have been considered and all independent elastic and photo-elastic constants determined, full elastic and photo-elastic tensors are built based on the symmetry analysis performed at the beginning, the elastic tensor is inverted and the piezo-optic constants obtained by combining the photo-elastic with the compliance tensors.
C. Computational setup
The algorithm described in Section II B has been implemented into a development version of the Crystal14 program, 31 which adopts a basis set of localized Gaussiantype functions (GTF). An all-electron basis set has been adopted for describing O and Ca atoms, which consists in a 6-31G(2d) contraction and a 6-31G(d) contraction of GTFs, respectively. The large-core e↵ective pseudo-potential derived by Hay and Wadt has been chosen for tungsten, which leaves only the 5d and 6sp valence electrons to be explicitly described. A split-valence basis set has been adopted, composed of two independent, single Gaussian sp shells, and a 3-1G contraction for d electrons. 45 Four di↵erent formulations of exchange-correlation DFT functional are considered: the local-density approximation (LDA), SVWN functional, 46, 47 the generalized-gradient approximation (GGA), PBE 48 functional, and hybrid B3LYP 49 and PBE0 50 functionals. Thresholds controlling the accuracy of Coulomb and exchange series are set to 8, 8, 8, 8, 16. 32 Reciprocal space is sampled using a Monkhorst-Pack mesh with a shrinking factor of 6 for the primitive cell of CaWO 4 , corresponding to 36 independent k-points in the irreducible portion of the Brillouin zone. A pruned grid with 1454 radial and 99 angular points is used to calculate the DFT exchange-correlation contribution through numerical integration of the electron density over the unit cell volume. 32 The self-consistent field convergence on energy was set to a value of 10 8 hartree for all geometry optimizations.
III. RESULTS AND DISCUSSION
Before discussing stress-or strain-induced anisotropic responses (elasticity, photo-elasticity, piezo-optics) of calcium tungstate, CaWO 4 , we briefly comment on the description provided by di↵erent classes of DFT functionals of equilibrium structural, elastic, electronic, and dielectric properties. Table I reports such properties as computed with four functionals (SVWN, PBE, B3LYP, and PBE0), belonging to three rungs of "Jacob's ladder," along with their experimental counterparts. Experimental values for lattice parameters a and c, and fractional coordinates (x, y, z) of the oxygen atom in general position are taken from the single-crystal X-ray study by Hazen et al. 51 Voigt's upper bound to the bulk modulus K V is defined in terms of the elastic constants as
The experimental value reported in the table (89.4 GPa) refers to 0 K and has been derived from the extrapolated elastic constants measured in the temperature range 4.2-300 K by Farley and Saunders; 52 note that computed values also refer to 0 K but neglect zero-point motion e↵ects which, on the contrary, are included in the experimental counterpart. Ordinary n o and extraordinary n e refractive indices, and the corresponding birefringence = n e n o are taken from Bond 53 and from Houston et al. 54 and correspond to an electric field wavelength = 2500 nm, while theoretical values refer to the ! 1 limit (see below for a theoretical investigation of the dispersion of refractive indices with ).
From inspection of Table I , it is seen that, as expected, the simple LDA functional significantly underestimates the cell size (a by 1.6% and c by 1.4%), overestimates the bulk modulus (by almost 20 GPa, corresponding to about 22%), describes a relatively narrow electronic band gap of 3.6 eV (here a reliable experimental reference is not available), and largely overestimates the birefringence (by more than a factor of 2). The generalized-gradient PBE functional provides a slightly better description of the lattice parameters, underestimating a by 0.4% and overestimating c by 2%, a similar description of the electronic band-gap (3.7 eV) but significantly improves upon LDA in the description of the bulk modulus (with an underestimation of about 4.5%) and of the birefringence. Hybrid functionals provide the best overall description of all considered properties, with PBE0 slightly outperforming B3LYP. Indeed, PBE0 gives an excellent description of the a lattice parameter (with a deviation smaller than 0.04%), only slightly overestimating the c one (by 1.2%), reliably describes the optical anisotropy of the system (with a of 0.011 with respect to the experimental value of 0.013) and provides an excellent description of the elasticity of the system, with a bulk modulus of 90.4 GPa with respect to the experimental value of 89.4 GPa; an overestimation by about 1% is perfectly compatible with the reduction of the bulk modulus that would be induced by the neglected zeropoint motion and that could be evaluated by quasi-harmonic calculations. [55] [56] [57] [58] [59] As expected, hybrid functionals describe a significantly larger gap E g (5.8-6.2 eV) than local-density and generalized-gradient approximations. All functional give a good description of the atomic positions within the cell.
A. The elastic response
As recalled in Section II A, a prerequisite to a reliable description of the piezo-optics of a crystal is a good calculation of its anisotropic elastic response. In Table II , we report the seven symmetry-independent elastic sti↵ness C vu and compliance S vu constants of tetragonal CaWO 4 . The shape of the full fourth-rank elastic tensor for this system is given in Equation (5). In the table, the elastic constants are reported as computed with four DFT functionals and compared with two experimental determinations (one at room temperature and one extrapolated down to 0 K from data collected in the 4.2-300 K temperature range). 52 As expected from the overall structural description given in Table I , the LDA functional is seen to systematically overestimate the C vu and underestimate the S vu constants. The PBE generalized-gradient functional tends to slightly underestimate the elastic sti↵ness constants C vu while hybrid functionals (more so PBE0 than B3LYP) do provide a satisfactory description of low-temperature elastic constants. As the experimental piezo-optic constants were measured at room temperature, it is interesting to illustrate the e↵ect of temperature on the measured elastic constants. From inspection of the table, we can see that passing from 0 K to 300 K the absolute values of all C vu constants are systematically reduced by about 4% (a converse increase of about 4% of S vu constants is observed).
A better insight into the description provided by di↵erent DFT functionals of the anisotropy of the elastic response of a crystal can be achieved by analyzing directional elastic properties, such as directional seismic wave velocities (i.e., the velocities with which elastic waves do propagate within a crystal along di↵erent crystallographic directions). From a fundamental point of view, within the elastic continuum model, the velocity of propagation of a seismic wave traveling along any general crystallographic direction represented by unit wave-vectorq, can be obtained from the elastic tensor via Christo↵el's equation, which can be given an eigenvalues/ eigenvectors form as follows: 8, 60 AqU = V 2 U with Aq
where Aq jk is Christo↵el's matrix, ⇢ the crystal density, i, j, k, l = x, y, z represent Cartesian directions,q i is the ith element of the unit vectorq, V is a 3 ⇥ 3 diagonal matrix whose three elements give the acoustic velocities, and U = (û 1 ,û 2 ,û 3 ) is the eigenvector 3 ⇥ 3 matrix where each column represents the polarizationû of the corresponding eigenvalue. The three acoustic wave velocities, also referred to as seismic velocities, can be labeled as quasi-longitudinal v p , slow quasi-transverse v s1 , and fast quasi-transverse v s2 , depending on the polarization directionû with respect to wave-vectorq. 61 From directional seismic wave velocities, fundamental aspects of the elastic anisotropy of a crystal, such as shear-wave birefringence and azimuthal anisotropy, can be fruitfully discussed. These data are reported in Figure 1 as computed with the four DFT functionals. We observe that: (i) the four functionals provide a similar overall description of the directional elastic properties 
B. Photo-elastic and piezo-optic responses
We can now compare theoretically calculated with experimentally determined stress-optical ⇡ vu and strain-optical p vu constants of calcium tungstate. However, before doing so, it is worth illustrating how these two sets of data are obtained
• theoretically, strain-optical (photo-elastic) constants are determined as numerical derivatives of the inverse of the dielectric tensor with respect to an applied strain according to Equation (7). Stress-optical constants are then obtained through the computed elastic compliance constants (⇡ = p S); • experimentally, mechanical stresses are measured on five di↵erently cut samples; 18 previously experimentally determined elastic compliances 52 S vu and refractive indices 62 n o and n e are then used to solve a set of equations that provide stress-optical ⇡ vu constants. Strain-optical constants are determined by combining these stress-optical constants with the elastic sti↵ness ones C vu previously experimentally measured (p = ⇡ C).
Let us stress that if on the one hand the theoretical determination of p vu and ⇡ vu constants is achieved with a single calculation within a homogeneous computational setup, on the other hand experimental determinations of such properties require a rather complex combination of measurements of di↵erent quantities (mechanical stresses, elastic constants, refractive indices) on di↵erent samples, which are generally performed in di↵erent studies, by di↵erent groups, in di↵erent conditions, and, above all, with di↵erent accuracies. Bearing these considerations in mind, in Table III we report the ten symmetry-independent strain-and stress-optical constants (see Equation (11) for the shape of the fourth-rank p and ⇡ tensors) as computed with the four DFT functionals and as compared with available experimental determinations. The full set of piezo-optic ⇡ vu constants has recently been reported by Mytsyk et al. 18 where just the sign of the ⇡ 61 constant could not be determined while its absolute value was reported to be ⇡ 61 = |0.16| Br. Demyanyshyn et al. 13 have then coupled such constants to the elastic sti↵ness ones to determine the photo-elastic p vu constants: due to the uncertainty on the sign of the ⇡ 61 constant, two photo-elastic constants, p 61 and p 66 , were not uniquely determined (for ⇡ 61 = 0.16 Br they got p 61 = 0.001 and p 66 = 0.018, while for ⇡ 61 = +0.16 Br they obtained p 61 = 0.025 and p 66 = 0.031).
Regarding the e↵ect of DFT functional on such computed properties, from Table III we see that: (i) the computed values of p vu constants obtained with all functionals are rather consistent with each other, particularly so if generalized-gradient (PBE) and hybrid (B3LYP and PBE0) functionals are considered (LDA providing slightly deviating results for some constants, such as p 12 , p 13 , p 16 , and p 66 ); (ii) a similar trend is also observed for ⇡ vu constants where LDA deviates more from the other functionals due to its poorer description of the elastic compliance constants; furthermore, given the di↵erent description of elastic constants provided by PBE, B3LYP, and PBE0, larger di↵erences (never exceeding a factor of 2.2 in the worst cases, though) are found on predicted piezo-optic constants by these functionals; (iii) given the overall better description of elastic constants (see Table II ) and refractive indices (see Table I ), hybrid functionals are expected to constitute the best choice for the calculation of these properties and to provide the most reliable results. In order to compare computed constants with experimentally derived ones, let us group the 10 symmetry-independent components of both the photo-elastic and piezo-optic tensors into two sub-sets: a first sub-set contains the x 13 , x 31 , x 33 , x 44 , x 61 , and x 66 constants while the second sub-set contains the x 11 , x 12 , x 45 , and x 16 ones, where x can be either p or ⇡. For the first sub-set, which contains 6 constants, considering how delicate both the calculation and the experimental determination of these constants are, the agreement between computed and experimental values is very satisfactory, particularly so if hybrid functionals are considered, as expected. Such a good agreement is a strong evidence of the accuracy of both the experimental reconstruction of these constants and the automated computational strategy here devised. Present calculations allow for the ambiguous determination of the sign of the ⇡ 61 constant, which is indeed found to be positive by all functionals. Furthermore we find that by taking the positive sign of this constant, the experimental values of the p 61 (0.025) and p 66 ( 0.031) constants are also found to be in much better agreement with present calculations. The small residual deviations between computed and experimental constants for this set might be due to either the neglect of thermal e↵ects on computed elastic properties (which, however, is expected to be rather small: about 4% as noticed above) or the finite value of the electric-field wavelength used in the experiments versus the = 1 of the calculations (see Section III C for an explicit investigation of such e↵ect).
The situation is completely di↵erent when the second subset of 4 constants is considered. In this case, indeed, there is little agreement between computed and experimentally derived values, with very large di↵erences on both absolute values and signs. Given that all computed constants are obtained with the same numerical accuracy, we have to deduce that the experimental reconstruction of these four constants is not as reliable as it was for the other six. On the contrary, present calculations do provide a complete, homogeneous set of all of the ten symmetry-independent photo-elastic and piezo-optic constants of CaWO 4 .
C. E ect of the electric field wavelength
As mentioned at the end of Section III B, experimental measurements of optical properties of crystals are performed using a finite value of the wavelength of the electric field, whereas theoretical calculations generally refer to the = 1 case. For instance, all of the experimental photo-elastic and piezo-optic constants of calcium tungstate reported in Table III correspond to = 633 nm. One might wonder if some of the discrepancies between computed and experimentally derived constants could be ascribed to such an issue. Electric field frequency dependent optical properties of crystals can be computed with a "dynamical" formulation of the CPHF/KS approach. 31, 43, 44 The present algorithm for the calculation of photo-elastic and piezo-optic tensors has been generalized to such a case too. In Figure 2 , we report computed p vu and ⇡ vu constants of CaWO 4 (just at the PBE level as similar trends are observed also for other functionals) as a function of in the range 500-1500 nm (continuous lines) while static values obtained at = 1 are given as full circles. A dashed vertical line marks the = 633 nm value. We can clearly see that the dispersion of all computed stress-optical and strain-optical constants with is relatively small (i.e., their values change by just few percents passing from = 1 to 633 nm). As regards photo-elastic constants, p 11 and p 12 show the largest dispersion, followed by p 31 and p 66 while the other constants are almost flat. Piezo-optic constants show a slightly larger dispersion, ⇡ 66 exhibiting the largest among them. Overall, given the small variations of all constants, the electric field frequency dispersion can be ruled out as a possible reason for the large inconsistency of computed and experimental constants of the second sub-set discussed in Section III B.
IV. CONCLUSIONS
A computational strategy has been devised and implemented in a fully automated fashion for the quantum-mechanical prediction of piezo-optic fourth-rank tensors of crystals belonging to any space group of symmetry. This strategy is based on the simultaneous determination of elastic and photoelastic tensors. A Coupled-Perturbed-Hartree-Fock/KohnSham approach is used to compute the dielectric tensor of strained and unstrained configurations both in the static (infinite electric field wavelength) and dynamic (finite wavelength) cases. Both point and translation symmetries are fully exploited thus drastically reducing the number of independent
